The rheology of Brownian suspensions of hard spheres is investigated numerically beyond the low shear rate Newtonian regime. We test the athermal analogue of these suspensions, built by means of an effective logarithmic repulsive potential originating from vibrational entropic forces. We show that both systems present the same rheology without adjustable parameters. Moreover, all rheological responses display similar Herschel-Bulkley relations once the shear stress and the shear rate are respectively rescaled by a characteristic stress scale and by a microscopic reorganization time-scale, both related to the normal confining pressure. This pressure-controlled approach, originally developed for granular flows, reveals a striking physical analogy between the colloidal glass transition and the granular jamming transition.
The rheology of Brownian suspensions of hard spheres is investigated numerically beyond the low shear rate Newtonian regime. We test the athermal analogue of these suspensions, built by means of an effective logarithmic repulsive potential originating from vibrational entropic forces. We show that both systems present the same rheology without adjustable parameters. Moreover, all rheological responses display similar Herschel-Bulkley relations once the shear stress and the shear rate are respectively rescaled by a characteristic stress scale and by a microscopic reorganization time-scale, both related to the normal confining pressure. This pressure-controlled approach, originally developed for granular flows, reveals a striking physical analogy between the colloidal glass transition and the granular jamming transition.
Amorphous materials [1] such as granular packing [2] , colloidal suspensions [3] [4] [5] [6] [7] or glassy molecular systems [8] [9] [10] display a severe increase in their viscosity before solidifying. For glass-forming liquids, an amorphous solid is obtained by rapidly cooling below the freezing temperature. For packing of hard particles with size dispersion, the amorphous character stems from geometrical disorder and this system shows however an emerging solidlike behaviour as the packing fractions φ is increased. In spite of essential differences in microscopic interactions, the existence of a universal scenario leading to a dynamical slowing down and to the emergence of rigidity [11] remains a vivid issue [10, 12, 13] . Colloids, by the nature of their interparticle interactions and their size, are at the cross-roads between molecular thermal systems and athermal granular materials [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . In the dense regime, colloidal suspensions bear all the phenomenological complexity shared by many glass-forming materials. The strong dynamical slowing down is associated with particle trapping in cages formed by their neighbors [6, 24] . Because of this relatively simple picture, colloids are often considered as paradigmatic systems well suited to approach the general issues of dynamical arrest, glass transition and non-Newtonian rheology observed in numerous complex fluids. The aim of this letter is to bridge the gap between the rheology of Brownian and the rheology of athermal suspensions, using the exact expression of vibrational entropic forces close to the jamming transition [25] .
Numerical method -The rheology of suspensions is investigated by means of 2D numerical simulations based on a coupling between particles, described using discrete element methods, and the surrounding fluid, described at the continuous level [27] . A thousand of polydisperse (50% in diameter) rigid and frictionless particles are placed in a plane shear rheometer at a fixed volume fraction φ, and sheared at a rateγ between two rough walls. In practice, the contact between two particles is modeled as a harmonic spring, whose rigidity/spring constant k n is large enough (typically k n /P > 10
3 ) to obtain results independent of k n . The dynamics is overdamped, due to the interaction with the surrounding fluid of viscosity η f . The fluid flow is described in the mean field by an imposed affine velocity fieldγye x , where x is the direction of the shearing and y is perpendicular to it. The drag force 3πη f 1−φ δu is then proportional to the non-affine particle velocity δu ≡ u −γye x and leads to a dissipation directly related to the suspension viscosity and quadratic in δu [20] . Simulations of the Brownian system are per-formed submitting the particles to a white random noise of variance 6πη f k B T /(1 − φ), which represents thermal fluctuations of the surrounding liquid -T is the temperature and k B the Boltzmann constant -i.e. Brownian dynamic simulations.
A Brownian suspension of rigid spheres undergoing shear is characterized by two dimensionless numbers: the particle volume fraction φ and the Péclet number Pe ≡ η fγ /(k B T d −3 ) which compares viscous dissipation and thermal fluctuations at the scale d of the grain. As observed experimentally [6, 14, 28] , the simulated Brownian suspension presents three different regimes when varying the Péclet number at constant φ ( Fig. 1 ): a Newtonian, quasi-equilibrium regime at low Pe, a shearthinning regime at intermediate Pe and a second Newtonian regime at Pe > 1.
Hard sphere regime -At large Péclet number, thermal agitation has negligible influence compared to the viscous drag and the contact forces. Our simulations show that a Brownian suspension asymptotically behaves as a suspension of non-Brownian hard spheres: at Pe 1, the viscosity η → η H increases with φ and diverges at a critical jamming concentration φ J , defined as the maximal volume fraction reachable under a permanent quasi-static shear without getting overlap between particles (Fig. 4) . It is known since the original Einstein's 1906 article [29] and subsequent hydrodynamic simulations using Stokesian dynamics [30] , that hydrodynamic interactions can lead to a strong increase of viscosity with volume fraction. As shown in Fig. 4a , when approaching the jamming point, the viscosity η H diverges as (φ J − φ) −2α , with an exponent 2α ∼ 2 ± 0.5 [17, 19] . However, rather than by hydrodynamics, the suspension dynamics is, in this limit, entirely controlled by steric effects associated with the non-affine collective motions: a particle statistically travels a path of mean length d(φ J − φ) −α in order to move by a distance d as the crow flies [20, 21] .
Shear thinning regime -In the intermediate range of Pe, the shearing timescaleγ −1 is small compared to the thermal equilibration time. The imposed shear drives the system out of equilibrium but thermal effects are still important. In this regime, Brownian particles preserve their neighbors over long times and one may assume a timescale separation between the rapid (near-contact) collisions and the slow, collective evolution of the particles spatial configurations. Close enough to φ J , the phasespace volume can be expressed as the product of the gaps between the particles, implying that for hard spheres, the interactions due to frequent collisions [31, 32] would yield for an inter-particle distance r, an effective potential of the form [25, 26] .
The interaction forces are then inversely proportional to the gap δ = r − d between the particles. The result can be understood by considering the momentum exchange of the particles colliding frequently with velocities proportional to the square root of the temperature. The validity of such an effective potential was assessed for an unsheared system, in the glassy regime, near random close packing [25] . Here, we run and compared simulations of Brownian rigid spheres and non-Brownian hard spheres coated with a soft layer whose elasticity is described by ϕ(r). As shown in Figs. 1 and 2 , both systems are, without any adjustable parameter, in quantitative agreement for the behaviour of rescaled shear stress and pressure as functions of Pe, throughout the intermediate, shear-thinning regime. At Pe lower than 1, the pressure is essentially independent of the shear rateγ. In this regime, pressure is therefore dominated by thermal collisions. The zero shear-rate pressure is consistently found to diverge as (φ J − φ) −2 at the jamming volume fraction φ J (Fig. 2 ). This suggests to analyze the data in a way similar to the pressure-controlled approach developed for dry granular flows [22, 23] , and generalized for dense granular suspensions [19, 27] . If, for a given volume fraction, the value of P is the relevant characteristic of the energy landscape, the shear stress τ should be rescaled to form a dimensionless yield parameter τ /P . As the dynamics is overdamped, the relevant time-scale for plastic rearrangements is simply η f /P and the relevant dimensionless shear rate is the viscous number J ≡ η fγ /P . In the reference case of suspensions of non-Brownian rigid grains, τ /P and φ are functions of J, and the rheology follows a Herschel-Bulkley relation of the form:
where ν, µ c and a are constitutive parameters of the system [19, 27] . These reference data are displayed in Fig. 3a in a plot of the reduced friction τ /P − µ c vs J, in order to provide evidence of the scaling law behaviour. The data from the simulations of the Brownian suspensions are also plotted in the same graph, for two values of the volume fraction (those of their non-Brownian analog collapse with them). For all these cases, the phenomenological law (2) is well verified, with a convincingly constant exponent ν 0.5. Interestingly, as φ approaches φ J , all the reduced data apparently converge to the reference line. Accordingly, the multiplicative factor a tends to the reference value at φ J (Fig. 4c) . These results support the idea that the confinement pressure and the steric effects play the same role in all systems, and control the statistical properties of the particles trajectories and consequently the dissipation. The critical friction coefficient µ c is found to be independent of φ (Fig. 4b) , but its value differs in the case of the Brownian suspension and in that of the reference non-Brownian suspensions of rigid grains.
Newtonian regime -Close to thermal equilibrium, at small Péclet, shear is slow enough to allow for thermally activated changes of particle configuration. In this low Pe regime, a Newtonian plateau is observed, corresponding to a well defined viscosity of the Brownian suspension (Fig. 1a) . As shown in Fig. 4a , the viscosity rapidly increases with φ. This behaviour resembles that of the viscosity associated with the large Pe regime, which diverges as φ → φ J . The question is to investigate whether these two behaviours are of the same nature.
As is, the non-Brownian analog developed here using the interaction potential (1) is able to reproduce the behaviour of pressure at low Pe (Fig. 2) but not the Newtonian viscosity (Fig. 1a) . However, the analogy between Brownian and non-Brownian systems can be extended in a phenomenological way. The argument is based on the simple idea that the non-Brownian particles should interact through the logarithmic potential only if they are close enough, corresponding to Brownian particles undergoing actual collisions. This can be achieved by truncating the logarithmic potential above an inter-particle gap δ c comparable to the one between particles close to contact. The inter-particle force is given by k B T /(r − d) for r < d + δ c and is null for r > d + δ c . This non-Brownian analogue, constituted of particles coated a finite thickness soft layer, presents a Newtonian behaviour below the Herschel-Bulckley regime: it behaves as a non-Brownian suspension of hard particles of diameter d + δ c , whose effective volume fraction is (1 + δ c /d) 2 φ. The viscosity of the Brownian suspension therefore matches that of the non-Brownian suspension if the relation:
is obeyed. A second independent route to obtain δ c (φ) is to determine the effective pair correlation function g(r) from equilibrium (un-sheared) simulations of the Brownian system. The particle position is averaged over the cage persistence time (chosen to correspond to the inflection point in the single particle diffusion curve r 2 vs t). This function presents a sharp peak at short gaps that provides a second estimate for δ c . Fig. 4b shows that the two definitions of δ c match quantitatively. Importantly, the pressure of the non-Brownian analog only captures the dynamic pressure associated to shearing, but not the thermal pressure, which must be added.
The refined analogy between Brownian suspensions and their non-Brownian analog with a short-range logarithmic potential allows us to revisit the interpretation of the Brownian suspension rheology. In the range of vol- ume fraction φ where the Newtonian plateau at Pe 1 is accessible to numerical experiments, the free-energy landscape does not present any local minimum and the particles still move via large-scale cooperative motion. The viscosity increase with φ is due to the non-affine motion of particles, which behave as if they were bigger, due to thermal fluctuations. In the shear-thinning regime, the equivalence of thermal agitation and of a soft elastic shell around each particle is rigorously founded close to jamming: it turns out to be quantitative, without any adjustable parameter, for all volume fractions.
The collapse on an Herschel-Bulkley rheology for the dense suspensions in the intermediate Péclet regime leads to a striking remark: the system always 'feels' the presence of a yield stress even though, at low Pe, the rheology turns Newtonian -at least for the less dense suspensions. The value µ c of the dynamical friction extrapolated at vanishing shear rate is found independent of the packing fraction. This points to the existence of microscopic mechanisms leading to plastic flow, common to all dense Brownian suspensions and by the sake of our analogy, also common to soft-systems [34] [35] [36] . The fact that the threshold value is significantly different (by a factor of 1/2) from the critical dynamical friction obtained for hard-sphere suspensions indicates furthermore, that hard-sphere and soft-sphere systems are essentially different as far as microscopic flow processes are concerned [37] . Finally, the common behavior of Brownian and nonBrownian hard sphere systems at large shear rates may offer a practical way to measure accurately the volume fraction of suspensions. This measurement is always an experimental difficulty, and one could cleverly make use of the well calibrated hard-sphere regime.
